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Abstract

This paper considers identification and estimation of the Quantile Treatment Effect
on the Treated (QTT) under a straightforward distributional extension of the most
commonly invoked Mean Difference in Differences assumption used for identifying the
Average Treatment Effect on the Treated (ATT). Identification of the QTT is more
complicated than the ATT though because it depends on the unknown dependence
between the change in untreated potential outcomes and the initial level of untreated
potential outcomes for the treated group. To address this issue, we introduce a new
Copula Stability Assumption that says that the missing dependence is constant over
time. Under this assumption and when panel data is available, the missing dependence
can be recovered, and the QTT is identified. Second, we allow for identification to
hold only after conditioning on covariates and provide very simple estimators based on
propensity score re-weighting for this case. We use our method to estimate the effect
of increasing the minimum wage on quantiles of local labor markets’ unemployment
rates and find significant heterogeneity.
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1 Introduction

Although most research using program evaluation techniques focuses on estimating the
average effect of participating in a program or treatment, in some cases a researcher may
be interested in understanding the distributional impacts of treatment participation. For
example, for two labor market policies with the same mean impact, policymakers are likely
to prefer a policy that tends to increase income in the lower tail of the income distribution to
one that tends to increase income in the middle or upper tail of the income distribution. In
contrast to the standard linear model, the treatment effects literature explicitly recognizes
that the effect of treatment can be heterogeneous across different individuals (Heckman
and Robb [1985; Heckman, Smith, and Clements 1997). Recently, many methods have been
developed that identify distributional treatment effect parameters under common identifying
assumptions such as selection on observables (Firpo 2007)), access to an instrumental variable
(Abadie, Angrist, and Imbens 2002 Chernozhukov and Hansen [2005; Carneiro and Lee [2009;
Frolich and Melly 2013, or access to repeated observations over time (Athey and Imbens
2006; Bonhomme and Sauder 2011; Chernozhukov, Fernandez-Val, Hahn, and Newey [2013;
Jun, Lee, and Shin 2016). This paper focuses on identifying and estimating a particular
distributional treatment effect parameter called the Quantile Treatment Effect on the Treated
(QTT) using a Difference in Differences assumption for identification.

Empirical researchers commonly employ Difference in Differences assumptions to credibly
identify the Average Treatment Effect on the Treated (ATT) (early examples include Card
1990; Card and Krueger|1994). Despite the prevalence of DID methods in applied work, there
has been very little empirical work studying the distributional effects of a treatment with
identification that exploits having access to repeated observations over time (Recent excep-
tions include Meyer, Viscusi, and Durbin [1995; Finkelstein and McKnight 2008; Pomeranz
2015; Havnes and Mogstad [2015)).

The first contribution of the current paper is to provide identification and estimation
results for the QTT under a straightforward extension of the most common Mean Difference
in Differences Assumption (Heckman and Robb 1985; Heckman, Ichimura, Smith, and Todd
1998; Abadie [2005). In particular, we strengthen the assumption of mean independence
between (i) the change in untreated potential outcomes over time and (ii) whether or not
an individual is treated to full independence. We call this assumption the Distributional
Difference in Differences Assumption.

For empirical researchers, methods developed under the Distributional Difference in Dif-
ferences Assumption are valuable precisely because the identifying assumptions are straight-

forward extensions of the Mean Difference in Differences assumptions that are frequently



employed in applied work. This means that almost all of the intuition for applying a Dif-
ference in Differences method for the ATT will carry over to identifying the QTT using our
method.

Although applying a Mean Difference in Differences assumption leads straightforwardly
to identification of the ATT, using the Distributional Difference in Differences Assumption to
identify the QTT faces some additional challenges. The reason for the difference is that Mean
Difference in Differences exploits the linearity of the expectation operator. In fact, with only
two periods of data (which can be either repeated cross sections or panel) and under the
same Distributional Difference in Differences assumption considered in the current paper,
the QT'T is known to be partially identified (Fan and Yu|2012) without further assumptions.
In practice, these bounds tend to be quite wide. Lack of point identification occurs because
the dependence between (i) the distribution of the change in untreated outcomes for the
treated group and (ii) the initial level of untreated potential outcomes for the treated group
is unknown. For identifying the ATT, knowledge of this dependence is not required and
point identification results can be obtained.

To move from partial identification back to point identification, we introduce a new
assumption which we call the Copula Stability Assumption. This assumption says that the
copula, which captures the unknown dependence mentioned above, does not change over
time. To give an example, consider the case where the outcome of interest is earnings. The
Copula Stability Assumption says that if we observe in the past that the largest earnings
increases tended to go to those with the highest earnings, then, in the present (and in the
absence of treatment), the largest earnings increase would have gone to those with the highest
earnings. Importantly, this does not place any restrictions on the marginal distributions of
outcomes over time allowing, for example, the outcomes to be non-stationary. There are
two additional requirements for invoking this assumption relative to the Mean Difference in
Differences Assumption: (i) access to panel data (repeated cross sections is not enough) and
(ii) access to at least three periods of data (rather than at least two periods of data) where
two of the periods must be pre-treatment periods and the third period is post-treatment. We
show that the additional requirements that the Copula Stability Assumption places on the
type of model that is consistent with the Distributional Difference in Differences Assumption
are small.

The second contribution of the paper is to extend the results to the case where the
identifying assumptions hold conditional on covariates. There are several reasons why this
is an important contribution. First, we show that, for many models where an unconditional
Mean Difference in Differences assumption holds, the Distributional Difference in Differences

Assumption is likely to require conditioning on covariates. Second, conditional on covariates



versions of our assumptions can allow the path of untreated potential outcomes to depend
on observed characteristics.

Having simple identification results when identification holds conditional on some covari-
ates stands in contrast to existing methods for estimating QTTs. The methods are either (i)
unavailable or at least computationally challenging when the researcher desires to make the
identifying assumptions conditional on covariates or (ii) require strong parametric assump-
tions on the relationship between the covariates and outcomes. Because the ATT can be
obtained by integrating the QTT and is available under weaker assumptions, a researcher’s
primary interest in studying the QTT is likely to be in the shape of the QTT rather than the
location of the QTT. In this regard, the parametric assumptions required by other methods
to accommodate covariates may be restrictive because nonlinearities or misspecification of
the parametric model could easily be confused with the shape of the QTT. This difference
between our method and other methods appears to be fundamental. To our knowledge,
there is no work on nonparametrically allowing for conditioning on covariates in alternative
methods; and, at the least, doing so would be computationally challenging. Moreover, a
similar propensity score re-weighting technique to the one used in the current paper does
not appear to be available for existing methods.

Based on our identification results, estimation of the QTT is straightforward and com-
putationally fast. Without covariates, estimating the QTT relies only on estimating un-
conditional moments, empirical distribution functions, and empirical quantiles. When the
identifying assumptions require conditioning on covariates, we estimate the propensity score
in a first step, but second step estimation is simple and fast. We show that our estimate of the
QTT converges to a Gaussian process at the parametric rate y/n even when the propensity
score is estimated nonparametrically. This result allows us to conduct uniform inference over
a range of quantiles and can test, for example, whether the distribution of treated potential
outcomes stochastically dominates the distribution of untreated potential outcomes.

We conclude the paper by analyzing the effect of increasing the minimum wage on quan-
tiles of the unemployment rates of local labor markets. Despite the average effect of in-
creasing the minimum wage on the unemployment rate being close to 0, using our method,
we find that the average effect masks substantial heterogeneity. The difference between the
10th percentile of unemployment among counties that had higher minimum wages and the
10th percentile of counterfactual unemployment had they not had higher minimum wages is
negative. However, the effect is quite different elsewhere in the distribution. At the median
and upper quantiles, the effect is positive. As long as counties do not change their ranks
(or at least do not change their ranks too much) in the distribution of unemployment rates

due to the increase in the minimum wage, these results indicate that counties with tight



labor markets experienced decreases in the unemployment rate following the minimum wage
increase while counties with higher unemployment rates experienced more unemployment
due to the increase in the minimum wage. We find similar results using alternative methods

such as Quantile Difference in Differences and Change in Changes (Athey and Imbens 2006]).

2 Background

The setup and notation used in this paper is common in the statistics and econometrics
literature. We focus on the case of a binary treatment. Let D, = 1 if an individual is treated
at time ¢ (we suppress an individual subscript i throughout to minimize notation). We
consider a panel data case where the researcher has access to at least three periods of data
for all agents in the sample. We also focus, as is common in the Difference in Differences
literature, on the case where no one receives treatment before the final period which simplifies
the exposition; a similar result for a subpopulation of the treated group could be obtained
with little modification in the more general case. The researcher observes outcomes Y;, Y;_1,
and Y;_, for each individual in each time period. The researcher also possibly observes
some covariates X which, as is common in the Difference in Differences setup, we assume are
constant over time. This assumption could also be relaxed with appropriate strict exogeneity
conditions.

Following the treatment effects literature, we assume that individuals have potential
outcomes in the treated or untreated state: Yj; and Yj,, respectively. The fundamental
problem is that exactly one (never both) of these outcomes is observed for a particular

individual. Using the above notation, the observed outcome Y; can be expressed as follows:
Y, = DYy + (1 — Dy) Yoy

Because no one is treated in previous periods, untreated potential outcomes are observed

for both the treated group and untreated group[] That is,
Y1 =Yy and Vi = Yo

For any particular individual, the unobserved potential outcome is called the counterfac-
tual. The individual’s treatment effect, Y7, — Yy is therefore never available because only

one of the potential outcomes is observed for a particular individual. Instead, the literature

ITo clearly distinguish between treated and untreated potential outcomes, we use a potential outcomes
notation where Yy, Yoi—1, Yoi—2 are observed outcomes for the treated group (but Yp; is not an observed
outcome for the treated group) and Yy, Yo;—1, and Yp;—o are observed outcomes for the untreated group.



has focused on identifying and estimating various functionals of treatment effects and the
assumptions needed to identify them. We discuss some of these treatment effect parameters
next.

In cases where (i) the effect of a treatment is thought to be heterogeneous across indi-
viduals and (ii) understanding this heterogeneity is of interest to the researcher, estimating
distributional treatment effects such as quantile treatment effects is likely to be impor-
tant. Comparing the distribution of observed outcomes to a counterfactual distribution of
untreated potential outcomes is a very important ingredient for evaluating the effect of a
program or policy (Sen [1997; Carneiro, Hansen, and Heckman [2001)) and provides more in-
formation than the average effect of the program alone. For example, a policy maker may
be in favor of implementing a job training program that increases the lower tail of the dis-
tribution of earnings while decreasing the upper tail of the distribution of earnings even if
the average effect of the program is zero.

For a random variable X, the 7-quantile, x,, of X is defined as
z, = Gy (1) =inf{z : Fx(z) > 7} (1)

An example is the 0.5-quantile — the median ] Researchers interested in program evaluation
may be interested in other quantiles as well. For example, researchers studying a job training
program may be interested in the effect of the program on low income individuals. In this
case, they may study the 0.05 or 0.1-quantile. Similarly, researchers studying the effect of a
policy on high earners may look at the 0.95-quantile.
Let Fy,,(y) and Fy,,(y) denote the distributions of Y3, and Yj, respectively. Then, the
Quantile Treatment Effect on the Treated (QTT)Pis defined as
QTT(r) = F;lth:l(T) - F):Oth:l(T) (2)
The QTT is the parameter studied in this paper. Difference in Differences methods are
useful for studying treatment effect parameters for the treated group because they make
use of observing untreated outcomes for the treated group in a time period before they
become treated. Difference in Differences methods for the average effect of participating
in a treatment also identify the Average Treatment Effect on the Treated, not the average

treatment effect for the population at large.

2In this paper, we study Quantile Treatment Effects. A related topic is quantile regression. See Koenker
(2005).
SQuantile Treatment Effects were first studied by Doksum (1974) and Lehmann (1974])



3 Identification

Let AYy = Yo — Yor—1 denote the time difference in untreated potential outcomes. The
most common nonparametric assumption used to identify the ATT in Difference in Differ-

ences models is the following:

Assumption 3.1 (Mean Difference in Differences).

This is the “parallel trends” assumptions common in applied research. It states that,
on average, the unobserved change in untreated potential outcomes for the treated group
is equal to the observed change in untreated outcomes for the untreated group. To study
the QTT, [Assumption 3.1 needs to be strengthened because the QTT depends on the entire

distribution of untreated outcomes for the treated group rather than only the mean of this

distribution.

The next assumption strengthens [Assumption 3.1 and this is the assumption maintained

throughout the paper.

Distributional Difference in Differences Assumption.

AYo 1L Dy

The Distributional Difference in Differences Assumption|says that the distribution of the

change in potential untreated outcomes does not depend on whether or not the individual
belongs to the treatment or the control group. Intuitively, it generalizes the idea of “par-
allel trends” holding on average to the entire distribution. In applied work, the validity
of using a Difference in Differences approach to estimate the ATT hinges on whether the
unobserved trend for the treated group can be replaced with the observed trend for the un-

treated group. This is exactly the same sort of thought experiment that needs to be satisfied

for the |Distributional Difterence in Differences Assumption| to hold. Being able to invoke

a standard assumption to identify the QTT stands in contrast to the existing literature on
identifying the QTT in similar models which generally require less familiar assumptions on
the relationship between observed and unobserved outcomes.

Using statistical results on the distribution of the sum of two known marginal distribu-
tions, Fan and Yu (2012)) show that this assumption is not strong enough to point identify
the counterfactual distribution Fyy,p,—1(y), but it does partially identify it. In practice,

these bound tend to be very wide — too wide to be useful in most applications.



3.1 Main Results: Identifying QTT in Difference in Differences
Models

The main theoretical contribution of this paper is to impose a |Distributional Difference]

in Differences Assumption| plus additional data requirements and an additional assumption

that may be plausible in many applications to identify the QTT. The additional data re-
quirement is that the researcher has access to at least three periods of panel data with two
periods preceding the period where individuals may first be treated. This data requirement
is stronger than is typical in most Difference in Differences setups which usually only require
two periods of repeated cross-sections (or panel) data. The additional assumption is that
the dependence — that is, the copula — between (i) the distribution of (AYy|D, = 1) (the
change in the untreated potential outcomes for the treated group) and (ii) the distribution
of (Yoi—1|Dy = 1) (the initial untreated outcome for the treated group) is stable over time.
This assumption says that if, in the past, the largest increases in outcomes tend to go to
those at the top of the distribution, then in the present, the largest increases in outcomes
will tend to go to those who start out at the top of the distribution. It does not restrict what
the distribution of the change in outcomes over time is nor does it restrict the distribution
of outcomes in the previous period; instead, it restricts the dependence between these two
marginal distributions. We discuss this assumption in more detail and show how it can be
used to point identify the QTT below.

Intuitively, the reason why a restriction on the dependence between the distribution
of (AYw|D; = 1) and (Yoi—1|Dy = 1) is useful is the following. If the joint distribution
(AYo:, Yor—1|Dy = 1) were known, then Fyy,p,—1(y) (the distribution of interest) could be
derived from it. The marginal distributions Fayy,p,=1(0) (through the Distributional Dif-
ference in Differences assumption) and Fy,, ,|p,=1(¥') (from the data) are both identified.
However, because observations are observed separately for untreated and treated individu-
als, even though each of these marginal distributions are identified from the data, the joint
distribution is not identified. Since, from Sklar’s Theorem (Sklar [1959)), joint distributions
can be expressed as the copula function (capturing the dependence) of the two marginal
distributions, the only piece of information that is missing is the copulaf_f] We use the idea
that the dependence is the same between period ¢ and period (¢ — 1). With this additional
information, Fayy, v, ,p,=1(9,%) is identified and therefore the counterfactual distribution
of untreated potential outcomes for the treated group, Fy;,|p,=1(y) is identified.

The time invariance of the dependence between Fay,p,=1(6) and Fy,, | |p,=1(y’) can

4For a continuous distribution, the copula representation is unique. Joe (1997), Nelsen (2007), and Joe
(2015) are useful references for more details on copulas.



be expressed in the following way. Let Fayy, v, ,|p,=1(d,%") be the joint distribution of
(AYo|Dy = 1) and (Yor—1| Dy = 1). By Sklar’s Theorem

FAYOt,YOt—1|Dt=1<5> y/) = CAYOt,YOt—1|Dt=1 (FAYOf,\Dt=1(5)> FYOt—1|Dt:1(y/))

where Cayy,,vor_1|Di=1(", ) is a copula functionﬂ Next, we state the second main assumption
which replaces the unknown copula with copula for the same outcomes but in the previous

period which is identified because no one is treated in the periods before t.

Copula Stability Assumption.

CAYOt,YOt—1|Dt=1('7 ) - CAYOt—1,Y0t—2|Dt=1(" )

The [Copula Stability Assumption| says that the dependence between the marginal distri-

butions Fayy,|p,=1 and Fy;,_,|p,—1 is the same as the dependence between the distributions
Fayy,_yp,=1 and Fy;,_,p,—1. It is important to note that this assumption does not require any
particular dependence structure, such as independence or perfect positive dependence, be-
tween the marginal distributions; rather, it requires that whatever the dependence structure
is in the past, one can recover it and reuse it in the current period. It also does not require
choosing any parametric copula. However, it may be helpful to consider a simple, more para-
metric example. If the copula of the distribution of (AYy,_1|D; = 1) and the distribution of
(Yoi—2| Dy = 1) is Gaussian with parameter p, the Copula Stability Assumption says that the
copula continues to be Gaussian with parameter p in period ¢ but the marginal distributions
are allowed to change in unrestricted ways. Likewise, if the copula is Archimedean, the
Copula Stability Assumption requires the generator function to be constant over time but
the marginal distributions can change in unrestricted ways.

One of the key insights of this paper is that, in some particular situations such as the panel
data case considered in the paper, we are able to observe the historical dependence between
the marginal distributions. There are many applications in economics where the missing
piece of information for identification is the dependence between two marginal distributions.
In those cases, previous research has resorted to (i) assuming some dependence structure
such as independence or perfect positive dependence or (ii) varying the copula function over
some or all possible dependence structures to recover bounds on the joint distribution of
interest. To our knowledge, we are the first to use historical observed outcomes to obtain
a historical dependence structure and then assume that the dependence structure is stable

over time.

®The bounds in Fan and Yu (2012) arise by replacing the unknown copula function CAYor,Yor1|De=1("")
with those that make the upper bound the largest and lower bound the smallest.



Before presenting the identification result, we need some additional assumptions.

Assumption 3.2. Let AYy,p,—o denote the support of the change in untreated outcomes
for the untreated group. Let AYy_1p,—1, Yi—1|p,=1, and Vi_op,—1 denote the support of the
change in untreated outcomes for the treated group in period (t — 1), the support of untreated
outcomes for the treated group in period (t—1), and the support of untreated outcomes for the
treated group in period (t—2), respectively. We assume that AVyp,=0, AVi—1p,=1, Vi—1|D,=1,
and YVi_sp,—1 are compact. Also, each of the random variables AY, for the untreated group
and AY;_1, Y,_1, and Y;_5 for the treated group are continuously distributed on their support

with densities that are bounded from above and bounded away from 0.

Assumption 3.3. The observed data (Ya;, Yi-1,i, Yi—24, Xi, Dit) are independently and iden-
tically distributed.

Assumption [3.2] says that outcomes are continuously distributed. Copulas are unique on
the range of their marginal distributions; thus, continuously distributed outcomes guarantee
that the copula is unique. However, for the CSA, one could weaken this assumption to
Range(Fayyp=1) © Range(Fay,_,p,=1) and Range(Fy,_,p.=1) € Range(Fy, ,p.=1) and
still obtain point identification. On the other hand, although neither our DDID Assumption
nor the standard mean DID Assumption explicitly require continuously distributed out-
comes, it should be noted that standard limited dependent variable models with unobserved
heterogeneity would not generally satisfy either of these DID assumptions. Compactness is
not needed for identification, but we use it for inference later in the paper. Assumption (3.3
could potentially be relaxed in several ways. More periods of data could be available — our
method requires at least three periods of data, but more periods could be incorporated in a
straightforward way. Also, our setup could allow for some individuals to be treated in earlier
periods than the last one though our results would continue to go through for the group
of individuals that are first treated in the last period; considering the case where no one is
treated before the last period is standard DID setup. Assumption [3.3| also says that other
covariates X are time invariant. This assumption can be relaxed by focusing on the subset
of individuals whose covariates do not change over time. Appendix A also discusses the
possibility of including time varying covariates though they must enter our model is a more
restrictive way than time invariant covariates. Essentially, the problem with time varying
covariates is that that one cannot separate individuals changing ranks in the distribution of
outcomes over time due to changes in covariates or due to unobservables. Finally, we assume
that we observe treatment status for each individual;, however, in many DID applications,
treatments may be defined by location and individuals may move between treatment regimes

over time (Lee and Kang 2006) though we do not consider this complication.
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Theorem 1. Under the |Distributional Difference in Differences Assumption|, the |[Copulal
[Stability Assumption], and Assumptions and 3.5

FYOt|Dt:1(y)
= B [1{Fa, po Favi b=t (AYi 1)) <y = Byl (B b (Yio2)) HDe = 1
(3)

and

QTT(r) = F;}I\thl(T) - F;folt\Dtﬂ(T)
which s identified

is the main identification result of the paper. It says that the counterfactual
distribution of untreated outcomes for the treated group is identified. To provide some
intuition, we provide a short outline of the proof. First, notice that P(Yy, < y|Dy = 1) =
E[1{AYy + Yor_1 < y}|D; = 1]E| But AY(y, is not observed for the treated group because Yy,

is not observed. The [Copula Stability Assumption| effectively allows us to look at observed

outcomes in the previous periods for the treated group and “adjust” them forward. Finally,

the |Distributional Difference in Differences Assumption| allows us to replace Fllm D=1()

: —1
with FAYOtltho

untreated outcomes for the untreated group.

(-) which is just the quantiles of the distribution of the change in (observed)

The following example shows what additional conditions need to be satisfied for our

model to be valid in a standard DID setup.

Example 1. Consider the following baseline model for Mean DID.
Yoir = 0, + Ci + vy

where 0; is a time fixed effect that is common for the treated and untreated groups, C; is
individual heterogeneity that may be distributed differently across the treated group and un-
treated group, and v are time varying unobsem}ablesm For Mean DID to identify the ATT,
it must be the case that E[Avy|Dy = 1] = E[Avy|Dy = 0]. Sufficient conditions for the
assumptions in our model to hold are (1) Avy 1L Dy and (ii) (v, vii—1|Ci, Dy = 1) and

6 Adding and subtracting Yo,—1 is also the first step for showing that the Mean Difference in Differences
Assumption identifies E[Yy;|D; = 1]; the problem is much easier in the mean case though due to the linearity
of expectations and no indicator function.

"One other thing to note in this model is that it does not restrict how treated outcomes are generated
at all which is standard in the Mean DID case and holds in our case as well.

11



(vit—1, Vit—2|Cy, Dy = 1) follow the same distribution.

Condition (i) just strengthens Mean DID to Distributional DID. Condition (ii) implies
that the Copula Stability Assumption will hold. Notice that it allows for serial correlation in
the time varying unobservables, and it will hold automatically if the time varying unobserv-

ables are iid.

4 Allowing for covariates

In our view, the key reason that there has been little use of distributional methods with
panel data is that existing work has focused primarily on the case without conditioning on
other covariatesf] This section extends the previous results to the case where a Conditional
DDID assumption holds.

Conditional Distributional Difference in Differences Assumption.
AYy 1L Dy| X

This assumption says that, after conditioning on covariates X, the distribution of the
change in untreated potential outcomes for the treated group is equal to the change in
untreated potential outcomes for the untreated group. The next example shows that having
the conditional DDID assumption may be important even in cases where an unconditional
mean DID assumption holds and would identify the ATT

Example 2. Consider the following model
Yie = q(Uit, Dit, Xi) + C;

with (Ui, Uit—1), (Uit—1,Un—2)| X, C, D ~ Fyy 2 where Fiy o is a bivariate distribution with
uniform marginals, C' is time invariant unobserved heterogeneity that may be correlated with
observables, and q(7,d, x) is strictly increasing in T for all (d,z) € {0,1} x X.

In this model,

e The Unconditional Mean Difference in Differences Assumption holds
e The Unconditional Distributional Difference in Differences Assumption does not hold

e The Conditional Distributional Difference in Differences Assumption holds

8Recent work such as Melly and Santangelo (2015) and Callaway, Li, and Oka (2016]) has begun relaxing
this restriction.
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e The Unconditional Copula Stability Assumption holds

Example [2] is a Skorohod representation for panel quantile regression while allowing for
serial correlation among U. This model allows the effect of covariates to be different at
different parts of the conditional distribution. For example, if Y is wages, it is well known
that the effect of education is different at different parts of the conditional distribution. One
sufficient condition for the unconditional DDID assumption is that X has only a location
effect on outcomes. Another sufficient condition is that the distribution of X is the same
for the treated and untreated groups. Neither of these conditions seems likely to hold in
the types of applications where a researcher is interested in understanding the distributional
effect of a program or policy.

Example [2]is a leading case for using distributional methods to understand heterogeneity
in the effect of a treatment, and the main conclusion to be reached from this example is
that even when an unconditional mean DID assumption holds, one is likely to need to
condition on covariates to justify the DDID assumption. On the other hand, in this model,
the unconditional CSA continues to hold [l

By invoking the |[Conditional Distributional Difference in Differences Assumption| rather

than the |Distributional Difference in Differences Assumption) it is important to note that,
for the purpose of identification, the only part of that needs to be adjusted is the
identification of Fayy, p,—1(9). Under the [Distributional Difference in Differences Assump-|
this distribution could be replaced directly by Fay,p,=0(0); however, now we utilize
a propensity score re-weighting technique to replace this distribution with another object
(discussed more below). Importantly, all other objects in can be handled in ex-
actly the same way as they were previously. Particularly, the Copula Stability Assumption

continues to hold without needing any adjustment such as conditioning on X.

With covariates, we also require an additional standard assumption for identification.
Assumption 4.1. p=P(D; =1) >0 and p(z) = P(D; =1|X =z) < 1.

The first part of this assumption says that there is some positive probability that indi-
viduals are treated. The second part says that for an individual with any possible value of
covariates x, there is some positive probability that he will be treated and a positive prob-
ability he will not be treated. This is a standard overlap assumption used in the treatment

effects literature.

9 Appendix A discusses the possibility of using the conditional DDID assumption along with a conditional
CSA. Identification continues to go through in this case. The advantage of this approach is that it could
be used in the case where the trend in outcomes depends on covariates. This could be important in many
applications; for example, suppose that the outcome of interest is wages, the trend in wages may be different
for individuals with different education levels. The cost of this approach is that nonparametric estimation
would be very challenging in many applications.
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Theorem 2. Under the |Conditional Distributional Difference in Differences Assumption,
the [Copula Stability Assumption], and Assumptions and

FY0t|Dt=1<y>

where

1—-D, p(X)
p 1-p(X)

Fryopi=1(6) = E 1{AY; <6} (4)

and

QTT(7) = Fy\p,—1(7) = Fg, p,=a (7)
which s identified

This result is very similar to the main identification result in [Theorem 1, The only
difference is that Fay;,|p,=1(-) is no longer identified by the distribution of untreated potential

outcomes for the untreated group; instead, it is replaced by the re-weighted distribution in

[Equation 4. [Equation 4] can be understood in the following way. It is a weighted average

of the distribution of the change in outcomes experienced by the untreated group. The

p(X)
L= p(X) . o R
likely to be treated. is almost exactly identical to the re-weighting estimators

given in Hirano, Imbens, and Ridder (2003, Abadie (2005), and Firpo (2007); the only
difference is the term 1{AY; < 4} in our case is given by Y;, AY;, and 1{Y; < y} in each of

the other cases, respectively.

term weights up untreated observations that have covariates that make them more

5 Estimation

In this section, we outline the estimation procedure. Then, we provide results on consis-
tency and asymptotic normality of the estimators.

We estimate

A .1 .1
QTT(T) = FY1t|Dt:1(T) - FYot|Dt:1(T>

The first term is estimated directly from the data by inverting the estimated empirical
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distribution of observed outcomes for the treated group.

~A—1 . ~
FYu\DtZl(T) = lnf{y : FYt‘thl(y> Z T}

We estimate counterfactual quantiles by

~—1 . ~
FYOtlDt=1 (T) = lnf{y : FYOtlDt:1<y) Z T}

where

A 1 A1 A A1 S
FYopi=1(y) = — > HFavip—o(Favi p=1(AYi1)) <y —Fy,1poi (Fy_uip=1 (Yie2))}
€T

which follows from the identification result in [Theorem 1] and where distribution functions
are estimated by empirical distribution functions and quantile functions are estimated by
inverting empirical distribution functions.

The final issue is estimating Fg;m p,—1(v) when identification depends on covariates.
Using the identification result in Theorem [2| we can easily construct an estimator of the

distribution function

A 1<~ (1-Dy) p(Xy)
FAYMDH(&:E; b (- p(X)

1~ (1=Da)  p(Xi)

HaY <0} [20 )

where the last term in the denominator ensures that FAYM p,=1 is a distribution function
and is asymptotically negligible. One can invert this distribution to obtain its quantiles.

When identification depends on covariates X, then there must be a first step estimation
of the propensity score. We consider the case where the propensity score is estimated non-
parametrically and show that, even though the propensity score itself converges at a slower
rate, our estimator of the QTT converges at the parametric y/n rate. Also, simpler para-
metric estimators of the propensity score such as logit or probit can be used instead. All of
our main results continue to go though — particularly, the empirical bootstrap can still be
used for inference when the propensity score is estimated either parametrically under some

mild regularity conditions.

5.1 Inference

This section considers the asymptotic properties of the estimator. First, it focuses on the

case with no covariates and then extends the results to the case where the Distributional
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Difference in Differences Assumption holds conditional on covariates. The proofs for each of

the results in this section are given in the Appendix.

5.1.1 No Covariates Case

This section shows that our estimator of the QTT obeys a functional central limit theo-
rem. In order to show this, the key step is to show that the counterfactual distribution of
untreated potential outcomes for the treated group is Hadamard Differentiable.

We denote empirical processes by

~ A

Gx(x) = Vn(Fx(z) — Fx(z))

Next, let Vi, = Fg%/”Dt:o(FAYt_ﬂDt:l(AY;t_1)) + Fi{l‘thl(Fn_ﬂDFl(Yit_%)); these are
pseudo-observations if each distribution and quantile function were known. Let Fy,,p,—1(y) =
% YoieT 1{Y;; < y}. Then, define

CN;'YO,S|D,5:1 (y) = \/E(FYOHDt:l (y) - FYOt\Dt=1(y))

As a first step, we establish a functional central limit theorem for the empirical processes

of each of the terms used in our identification result.

Proposition 1. Under the|Distributional Difference in Differences Assumption|, (Copula Sta-|
[bility Assumption], and Assumptions and

(GAYt|Dt=07 GAYt_1|Dt=17 GY0t|Dt=17 GYHDt:la GYt_l‘DtZM GYt_2|Dt=1) ~ (Wla WQ; VOy Vla W37 W4)

n the space S = loo(AyﬂDt:()) X loo(Ayt_”Dt:l) X l°°(y0t|Dt:1) X loo(yt|Dt:1) X loo(yt_”Dt:l) X
1°(Vi—2ip,=1) where (W1, Wy, Vo, Vi, W3, Wy) is a tight Gaussian process with mean 0 and
block diagonal covariance matriz V(y,y") = diag(Vi(y,y'), Va(y,y')) where

Vi(y,y) = (Faviipi=o(¥1 A Y1) — Faviipi=o(¥1) Faviipi=0(y1)) /(1 = p)

and

Va(y, ') = E[v(m)e(y)]
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fory = (Y1, 92,3, Y4, Y5, 46) €S and y' = (Y1, ¥, Y3, Y4 Y5, ¥s) € S and

H{AY: 1 <y} — Fav, i p=1(y2)
1{Y; < ys} — Fiip=1(y3)
Y(y) =1/y/p Y: <y} — Fyyp,=1(ys)
H{Y,-1 <ys} — Fy,_p,=1(ys)
H{Yi2 <yt — Fy, o ipi=1(s)

The next result establishes the joint limiting distribution of observed treated outcomes

and counterfactual untreated potential outcomes for the treated group.

Proposition 2. Let é0<y> = \/E(FYOtlthl(y)_FYOtlthl(y)) and let Gl (y) = \/H(FYHDt:l (y)_
Fy.p,=1(y)). Under Assumptions|Distributional Difference in Differences Assumption), [Cop-

[ula Stability Assumptionl, and Assumptions and

(é07 él) ~ (GO7 Gl)

where Gy and Gy are tight Gaussian processes with mean 0 with almost surely uniformly

continuous paths on the space Yyp,—1 X Voyp,=1 given by
Gl — Vl

and

Wy —Wso F}:til‘thl © FYz—zDFl(U))

1
Jyicipe=1 0 Fy, | p—1 © Fyiaipi=1(v)

Go =Vo+ / {Wl o F;il‘thl o F)@72|Dt:1(v) — FAYtltho (y —

W0 Fry | 1p—1 © Favip=o(y = Fy.! p—y © meﬂDt:l(U))} K(y,v) dFy, ,/p,=1(v)

where

B favi s pi=1(Fay,  pie1 © Favipi=o(y = Fy.! 1 p,—1 © Fyi aipi=1(v)))

Kl = fAYt—l\DFl © FA_11/t_1|Dt=1 o Fay,|py=0© (y — F;,:l\thl o Fy, sp,=1 (v))

The key step in showing Proposition [2] is establishing the Hadamard Differentiability
of the counterfactual distribution of untreated potential outcomes for the treated group.
Here, V| is the variance that would obtain for estimating the counterfactual distribution of
untreated potential outcomes for the treated group if each distribution and quantile function
were known. The second term comes from having to estimate each of these distribution and

quantile functions in a first step. With Proposition [2| in hand, our main result for the QTT
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follows straightforwardly by the Hadamard Differentiability of quantiles.

Theorem 3. Suppose Fy,,|p,—1 admits a positive continuous density fy,,p,—1 on an interval
la,b] containing an e-enlargement of the set {F;Olt‘thl(T) : 7 € T} in Yoyp,=—1 with T C

(0,1). Under the |Distributional Difference in Differences Assumption), the|Copula Stability
and Assumptions[3.9 and [3.5

Vi(QTT(7) = QTT(7)) ~ Gy () — Go(7)

where (Go(7),G1(7)) is a stochastic process in the metric space (1°°(T))?* with

— GO(F}_/Olt|Dt:1(7—)) — Gy (Fi_/tl\Dt:1 (7))
7 fYOtIDFl(FS_/Ot\Dt:l(T)) ’ ") fYt‘Dt=1(FYt\Dt:1(T))

Estimating the asymptotic variance of our estimator is likely to be quite complicated
particularly due to the presence of density functions which would require smoothing and
choosing some tuning parameters. Instead, we conduct inference using the nonparametric

bootstrap.

Algorithm 1. Let B be the number of bootstrap iterations. Forb=1,..., B,

1. Draw a sample of size n with replacement from the original data

2. Compute
QT () = Fyyp, (1) — Fyp s (7)
where
B () = 7 S HE Ry oo (B o (AYE0) <y = B (B (V)

T jeT

and the superscript b indicates that the distribution or quantile function is computed

using the bootstrap data.
3. Compute I* = sup, .1 ‘QTTb(T) —QTT(7)

Then, a (1 — «) confidence band is given by
QTT(7) — ¢fo/V/n < QTT(r) < QTT(r) + i, /v/n
where ¢ is the (1 — a) quantile of {I°}Z .

11—«
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The next result shows the validity of the nonparametric bootstrap for our procedure.

Theorem 4. Under the|Distributional Difference in Differences Assumption], |Copula Stabil
[ity Assumption], and Assumptions and 3.5,

N <QTT*(T) —~ QTT(T)> > Go(7) = Gu(7)

where (Gy, Gy) are as in Theorem@ and ~, indicates weak convergence in probability under
the bootstrap law (Gine and Zinn|1990)

Theorem |4] follows because our estimate of the QTT is Donsker and by Van Der Vaart
and Wellner (1996, Theorem 3.6.1)

5.1.2 Distributional Difference in Differences Assumption holds conditional on

covariates

This section develops the asymptotic properties of our estimator in the case where the
Distributional Difference in Differences Assumption holds conditional on covariates and con-
sider the case where the propensity score is estimated nonparametrically by using series logit
methods. Following Hirano, Imbens, and Ridder (2003), we make the following assumptions

on the propensity score
Assumption 5.1. E[1{AYy < y}| X, D, = 0] is continuously differentiable for all x € X.

Assumption 5.2. (Distribution of X)

(i) The support X of X is a Cartesian product of compact intervals; that is, X =
H;Zl[xlj,xuj] where 1 is the dimension of X and x;; and x,; are the smallest and largest
values in the support of the j-th dimension of X.

(ii) The density of X, fx(-), is bounded away from 0 on X.

Assumption 5.3. (Assumptions on the propensity score)
(i) p(x) is continuously differentiable of order s > Tr where r is the dimension of X.

(ii) There exist p and p such that 0 <p <p(z) <p < 1.

Assumption 5.4. (Series Logit Estimator)
For nonparametric estimation of the propensity score, p(x is estimated by series logit

where the power series of the order K =n" for some m <v< %.

Remark. Assumptions Assumptions to are standard assumptions in the literature

which depends on first step estimation of the propensity score. Hirano, Imbens, and Ridder
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developed the properties of the series logit estimator under the same set of assump-
tions. Similar assumptions have been used in, for example, Firpo and Donald and
Hsu . Assumption says that X is continuously distributed though our setup can
easily handle discrete covariates as well by splitting the sample based on the discrete co-
variates. Assumption (1) is a standard assumption on differentiability of the propensity
score and guarantees the existence of v that satisfies the conditions of Assumption [5.4!
Assumption [5.3(ii) is a standard overlap condition.

.t A ~p
Proposition 3. Let GpAYOt|Dt=1(6) =/n (FAY0t|Dt:1(5) - FPAYOt|Dt:1(6)> where F@Ot‘DFl((S)

is given in Equation (). Let Y = F )b 1 (Fav, =1 (AYu))FFLY 5o By, oip=1 (Yiea))

Under the|Conditional Distributional Difference in Differences Assumption), the|Copula Sta-

[bility Assumption], Assumptions and[5.1] to

~p a ~p a a a P P WP yP (2 P
(GAY0t|Dt:17 GAYit—l‘Dt:17 GYOt‘Dt:U GYt|Dt=1’ GYt_1|Dt=1a G)/t_Q‘Dt:]_) ~ (WI’ W27 Vo, Vl’ Wg, W4)

in the space S = 1%°(AYVyp,=0) X I®(AVi—11p,=1) X 1% (Vorp,=1) X 1 (Vypi=1) X I®(Vi—1|Dy=1) X
1°(Vi—gipi=1) where (WY, W5, Vi, VY, WE WY) is a tight Gaussian process with mean 0 and

covariance V(y,y') = E[WP ()P (y')] fory = (Y1, Yo, Y3, Ya, Ys, Ys) € S andy’ = (Y1, Ys, Vs, Yar Y5, Y§) €
S and with Y*(y) given by

HEEESHD = p(X) + SRS T{AY: <y} = Fhyy,ip,es (1)
%H{AY;&—I <y} —Fay, ,pi=1(y2)
%l{ift <wys}— Fﬁ|Dt:1(y3>
TUY, < ya} — Fyip=1(y4)
%1{3/1:—1 <ys} — Fy, 1 p,=1(y5)
%1{5@—2 <ys} — Fy, 2p,=1(¥s)

The next result establishes an analogous result to Proposition [2] for the case where iden-

tification depends on covariates.

Proposition 4. Let G (y) = V/i(Fy,, p,-1 (1) =FY, 15—, (v)) and let GY(y) = /n(Fy; p.=1(y)—
Fy.p,=1(y)). Under the |Conditional Distributional Difference in Differences Assumption),

[Copula Stability Assumption], and Assumptions and[5.1] to

(GG, GY) ~ (G, GY)
where G and GY are tight Gaussian processes with mean 0 with almost surely uniformly
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continuous paths on the space Yoy p,—1 X Vyp,=1 given by
Gy =V}

and

Wi — W o F_ o Iy, ,p=1(v)
GPIVP+ V\VpOF’1 _ OFYt D= v —Fp _ Yy — D=1 -
0 0 /{ 1|De=1 2| 1( ) AY;|Dy=1 fYt_l‘thl OFYt_l\thl Fyt_2|Dt:1(’U)

_Wp © FA_Yt 1|Ds=1 FZYt\thl(y Fytllmt 1° FthzIthl(U))} K(?/a U) dF}/t72|Dt:1</U)
where

JIN - 1(FA11/} 1| De=1 FAY|Dt 1( Fyt11|Dt 1°FY}72\Dt=1(U)))
K(yvv) =

1
fAYt—1|Dt=1 o FA)@ 1| D=1 FAYt|Dt:1 ( FYt 1|Di=1 © FYt72|Dt=1(’U))

Theorem 5. Suppose Fy,,p,—1 admits a positive continuous density fy,,p,=1 on an inter-
val [a,b] containing an e-enlargement of the set {FYO D=1 (T) © 7 € T} in Yoyp=1 with
T C (0,1). Under the|Conditional Distributional Difference in Differences Assumption, the
[Copula Stability Assumption], and Assumptions and [5.1 to

VI(QTT () — QTT(7)) ~ Gl(7) - Gi(7)
where (Gh(7),Gh(7)) is a stochastic process in the metric space (1°°(T))? with

G (Fy, Yt|Dt (7))
Frip=1(Fy p,—1 (7))

=p _ Gp( Y0t|Dt 1(7—)) an GP(1) =
GO( )_ fY0t|Dt:1<F;ot‘Dt I(T)) ‘ Gl( )_

Finally, we show that the empirical bootstrap can be used to construct asymptotically
valid confidence bands. The steps for the bootstrap are the same as in Algorithm [1| — only
the Fayy,|p,=1(6) should be calculated using the result on re-weighting rather than replacing
it directly with Fay,p,—0(d). The same series terms used to estimate the propensity score
can be reused in each bootstrap iteration. Theorem [6] follows essentially using the same

arguments as in Chen, Linton, and Van Keilegom (2003)).

Theorem 6. Under the |Conditional Distributional Difference in Differences Assumption,
[Copula Stability Assumption, and Assumptions and[5.1] to

Vi (QTT" (1) = QIT'(r) ) ~. Gi(r) — Gh()
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where (G, GY) are as in Theorem [,

6 Comparison with Existing Methods

Our method is related to the work on quantile regression with panel data (Koenker [2004;
Abrevaya and Dahl 2008} Lamarche 2010 Canay 2011} Rosen 2012; Galvao, Lamarche, and
Lima [2013; Chen 2015) though our method is distinct in several ways. First, because we
do not impose a parametric model, our method allows for the effect of treatment to vary
across individuals with different covariates in an unspecified way. Second, our method is
consistent under fixed-7T" asymptotics while the papers mentioned above generally require
T — ooEG] Third, we focus on an unconditional QTT whereas the quantile treatment
effects identified in these models are conditional — both on covariates and on unobserved
heterogeneity. This means that the results from our method should be interpreted in the same
way as the difference between treated and untreated quantiles if individuals were randomly
assigned to treatment. See Frolich and Melly (2013) for a good discussion of the difference
between conditional and unconditional quantile treatment effects. On the other hand, our
method only applies to the case where the researcher is interested only in the effect of a
binary treatment; quantile regression methods can can deliver estimates for multiple, possibly
continuous variables.

Because we focus on nonparametric identifying assumptions, the current paper is also
related to the literature on nonseparable panel data models (Altonji and Matzkin 2005}
Evdokimov 2010; Bester and Hansen 2012; Graham and Powell 2012; Hoderlein and White
2012; Chernozhukov, Fernandez-Val, Hahn, and Newey [2013). The most similar of these
is Chernozhukov, Fernandez-Val, Hahn, and Newey (2013)) which considers a nonseparable
model and, similarly to our paper, obtains point identification for observations that are
observed in both treated and untreated states. Relative to Chernozhukov, Fernandez-Val,
Hahn, and Newey (2013), we exploit having access to a control group much more — their
approach either does not use the control group or uses it to adjust the mean and variance
only — and our setup is compatible with more complicated distributional shifts in outcomes
over time such as the top of the income distribution increasing more than the bottom of the
income distribution.

Perhaps the most similar work to ours is Athey and Imbens (2006)). Their Change in

Changes model identifies the QT'T for models that are monotone is a scalar unobservable.

10The two exceptions are Abrevaya and Dahl (2008) which uses a correlated random effects structure to
obtain identification without 7" — oo and Rosen (2012)) which deals with partial identification under quantile
restrictions.
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They assume that the distribution of unobservables does not change over time (though the
distribution of unobservables can be different for the treated group and untreated group) but
allow for the return to unobservables to change over time. However, even a mean Difference in
Differences Assumption does not hold in general in their model. Interestingly, one model that
satisfies the Change in Changes model and our setup is when untreated potential outcomes
at period s are generated by Yy;s = C;+ Vs + 0, for s = t,t —1,¢t—2 where C} is an individual
specific fixed effect, 6, is a time fixed effect and Vj, is an idiosyncratic error term such that
Vis|C ~ Fy for all s.

7 Application

In this section, we use our method to study the effect of increasing the minimum wage on
county-level unemployment rates. There is a wide body of research that studies the effect of
the minimum wage on employment exploiting policy level changes across states (for example,
Neumark and Wascher (1992) and Dube, Lester, and Reich (2010)), among many others). Like
most of the literature, we use variation in state-level changes in the minimum wage. Also,
we suppose that there may be time invariant differences in the unemployement rate across
counties that cannot be accounted for by observable differences in county characteristics.
This implies that a DID approach should be used and is in line with much of the literature
on minimum wage increases.

The aim of this section is different from most research on the effect of increasing the
minimum wage. The literature almost exclusively looks at the average effect, or the coefficient
in a linear regression model, of increasing the minimum wage on employment for teenagers,
restaurant workers, or some other subgroup. Instead, by looking at the QTE, we examine
how the effect of increasing the minimum wage varies by the strength of a county’s local labor
market. In other words, we ask the question: How does the effect of increasing the minimum
wage differ across counties that would have had relatively high (or low) unemployment rates
in the absence of the change in minimum wage policy? This goal is also different from trying
to understand the effect of minimum wage increases at different parts of the individual
income distribution as in Dube (2017)).

Unlike most of the literature on minimum wages, instead of using a long panel of counties,
states, and many changes in minimum wage policy across states; we focus on a particular
period where the federal minimum wage was flat while there is variation in state minimum
wages. The U.S. federal minimum wage increased from $4.25 to $5.15 between 1996 and
1997. It did not increase again until the Fair Minimum Wage Act was proposed on January
5, 2007 and enacted on May 25, 2007. The Act increased the federal minimum wage to $5.85
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on July 24, 2007 and increased the minimum wage in two more increments, settling at $7.25
in July of 20009.

In 2006, there were 33 states for whom the federal minimum wage was the binding
minimum wage in the state. Of these, we drop two states — New Hampshire and Pennsylvania
— because they are located in the Northern census region; census region is known to be an
important control in the minimum wage literature (Dube, Lester, and Reich 2010) and
almost all states in the Northern census region had minimum wages higher than the federal
minimum wage by 2006. Of the remaining states, 11 increased their minimum wage by the
first quarter of 2007 while 20 did not increase their minimum wage until the federal minimum
wage increased in July of 2007. [[]]

County level unemployment rates are the outcome variable. We obtain these from the
Local Area Unemployment Statistics Database from the Bureau of Labor Statistics. Unem-
ployment rates are available monthly and we use unemployment rates in February as the
outcome variable. We choose February instead of January because it does not overlap with
the holidays and choose it over later months because it is further away from the federal min-
imum wage change in July. We also merge in county characteristics from the 2000 County
Data Book. In our application, these include 2000 county population and 1997 county me-
dian income. We collected data for each year from 2000-2007. Our method requires three
periods of data, but the earlier periods allow us to pre-test our model in earlier periods.

Table|l| provides summary statistics. From 2005-2007, the level of unemployment rates is
higher for treated counties than for untreated counties. The gap narrows from 2005 to 2006,
the period before any counties have increased minimum wages, and then expands again from
2006 to 2007; this may provide some suggestive evidence that the minimum wage is inreasing
unemployment rates on average. Counties that are treated are also different from untreated
counties in terms of their observable characteristics. Treated counties are more likely to be
in the West and North-Central regions while untreated counties are more likely to be in the
South. Median incomes are very similar (though statistically different) across treated and
untreated counties. And treated counties tend to be more populated; log population of 10.34
for treated counties is almost 31,000 while log population of 9.91 for untreated counties is
just over 20,000.

The main results from using our method are presented in Figure|l, The upper panel pro-

vides estimates without conditioning on covariates. The lower panel provides estimates that

"The states that increased their minimum wage were: Arizona, Arkansas, Colorado, Maryland, Michigan,
Montana, Nevada, North Carolina, Ohio, and West Virginia. The states that did not increase their minimum
wage were: Alabama, Georgia, Idaha, Indiana, Towa, Kansas, Kentucky, Louisiana, Mississippi, Nebraska,
New Mexico, North Dakota, Oklahoma, South Carolina, South Dakota, Tennessee, Texas, Utah, Virginia,
and Wyoming

24



condition on county characteristics; the specification for the propensity score interacts region
with quadratic terms in log median income and log population as well as their interaction.
The results are very similar whether or not covariates are included.

On average, we find that the effect of increasing the minimum wage has a small posi-
tive effect on the unemployment rate. Both with and without covariates, we estimate that
increasing the minimum wage increases the unemployment rate by 0.12 percentage points.
Without covariates, the effect is statistically significant. With covariates, the effect is not
statistically significant. However, there is much heterogeneity. At the low end of the unem-
ployment rate distribution, the effect of increasing the minimum wage on the unemployment
rate appears to be negative. For example, at the 10th percentile, the unemployment rate is
estimated to be 0.44 (p-value: 0.000) percentage points lower following the minimum wage
increase than it would have been without the minimum wage increase (with covariates the
estimate is 0.45 (p-value: 0.008)). However, in the middle and upper parts of the unem-
ployment rate distibution, increasing the minimum wage appears to increase unemployment.
The difference between the medians of unemployment rates in the presence or absence of
the minimum wage increase is 0.31 (p-value: 0.000) percentage points (with covariates the
estimate is 0.32 (p-value: 0.029)). The estimated difference between the 90th percentiles is
0.36 (p-value: 0.029) percentage points (with covariates the estimate is 0.27 (p-value: 0.216).

For comparison, Figure |3| plots bounds on the QTT when no assumption is made about
the copula between the change in untreated potential outcomes and the initial level of un-
treated potential outcomes for the treated group as in Fan and Yu (2012)). These bounds are
very wide. For example, the difference between the median unemployment rate for treated
counties and their counterfactual unemployment rate is bounded between -1.01 and 1.41.

Neither our Distributional Difference in Differences Assumption nor the Copula Stability
Assumption are directly testable, but, like existing Difference in Differences methods, our
assumptions can be pre-tested when additional pre-treatment periods are available. The
simplest way to implement a pre-test is to estimate the model in the period (or periods)
before treatment and test that the QTT is 0 for all values of 7. Also, because our Copula
Stability Assumption is new, we provide an additional test for only the CSA. The idea of
this test is to compute Kendall’s Tau (a standard dependence measure that depends only
on the copula (see Nelsen (2007))) in each pre-treatment year and test whether or not it
changes over time. We perform both of these tests on the minimum wage data next.

Figure [2| plots Kendall’s Tau for the change in unemployment rates and the initial level of
unemployment rates for treated counties from 2001 to 2006. Kendall’'s Tau varies very little
over this period and is always somewhat less than 0 indicating slight negative dependence

between the change and initial level of unemployment. A Wald test fails to reject the
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equality of Kendall’s Tau in all periods (p-value: 0.524). Second, we compute QTTs in each
pre-treatment period from 2002 to 2006. In these periods, the QTTs should be equal to
0 everywhere. These are available in Supplementary Appendix Figure 2 and our method
tends to perform very well in the earlier periods. Finally, as an additional robustness check,
we compute QTTs using the Change in Changes method with and without covariates and
with the Quantile Difference in Differences method (these are available in Supplementary
Appendix Figure 1). These other methods show very similar patterns as our main results.
Taken together, these results suggest that there is a great deal of heterogeneity of the
effect of increasing the minimum wage across local labor markets. If we impose the additional
assumption that counties maintain their rank in the distribution of unemployment when
the minimimum wage increases, the results indicate that counties with tight labor markets
experience decreases in unemployment while counties that with high unemployment see fairly
large increases in unemployment. Even in the absence of such an assumption, our results
indicate that increasing the minimum wage can have negative consequences for some loal

labor markets although the average effect may be fairly small.

8 Conclusion

This paper has considered identification and estimation of the QTT under a distributional
extension of the most common Mean Difference in Differences Assumption used to identify
the ATT. Even under this Distributional Difference in Differences Assumption, the QTT is
still only partially identified because it depends on the unknown dependence between the
change in untreated potential outcomes and the initial level of untreated potential outcomes
for the treated group. We introduced the Copula Stability Assumption which says that the
missing dependence is constant over time. Under this assumption and when panel data is
available, the QTT is point identified. We show that the Copula Stability Assumption is
likely to hold in exactly the type of models that are typically estimated using Difference in
Differences techniques.

In many applications it is important to invoke identifying assumptions that hold only
after conditioning on some covariates. We developed simple estimators of the QTT using
propensity score re-weighting. In an application where we compare the results using several
available methods to estimate the QTT on observational data to results obtained from an
experiment, we find that our method performs at least as well as other available methods.

In ongoing work, we are using similar ideas about the time invariance of a copula function
to study the joint distribution of treated and untreated potential outcomes when panel data

is available. Also, we are working on using the same type of assumption to identify the QTT
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in more complicated situations such as when outcomes are censored or in dynamic panel
data models. The idea of a time invariant copula may also be valuable in other areas of

microeconometric research especially when a researcher has access to panel data.

27



References

1]
2]

[14]

[15]

Abadie, Alberto. “Semiparametric difference-in-differences estimators”. The Review of
Economic Studies 72.1 (2005), pp. 1-19.

Abadie, Alberto, Joshua Angrist, and Guido Imbens. “Instrumental variables estimates
of the effect of subsidized training on the quantiles of trainee earnings”. Econometrica
70.1 (2002), pp. 91-117.

Abrevaya, Jason and Christian Dahl. “The effects of birth inputs on birthweight: Evi-
dence from quantile estimation on panel data”. Journal of Business & FEconomic Statis-
tics 26.4 (2008), pp. 379-397.

Altonji, Joseph and Rosa Matzkin. “Cross section and panel data estimators for non-
separable models with endogenous regressors”. Econometrica (2005), pp. 1053-1102.

Athey, Susan and Guido Imbens. “Identification and inference in nonlinear difference-
in-differences models”. Econometrica 74.2 (2006), pp. 431-497.

Bester, C Alan and Christian Hansen. “Identification of marginal effects in a nonpara-
metric correlated random effects model”. Journal of Business € Economic Statistics
(2012).

Bonhomme, Stephane and Ulrich Sauder. “Recovering distributions in difference-in-
differences models: A comparison of selective and comprehensive schooling”. Review of
Economics and Statistics 93.2 (2011), pp. 479-494.

Callaway, Brantly, Tong Li, and Tatsushi Oka. “Quantile Treatment Effects in Differ-
ence in Differences Models under Dependence Restrictions and with only Two Time
Periods”. Working Paper. 2016.

Canay, Ivan. “A simple approach to quantile regression for panel data”. The Econo-
metrics Journal 14.3 (2011), pp. 368-386.

Card, David. “The impact of the mariel boatlift on the miami labor market”. Industrial
& Labor Relations Review 43.2 (1990), pp. 245-257.

Card, David and Alan Krueger. “Minimum wages and employment: A case study of the

fast-food industry in new jersey and pennsylvania”. The American Economic Review
84.4 (1994), p. 772.

Carneiro, Pedro, Karsten Hansen, and James Heckman. “Removing the veil of ig-
norance in assessing the distributional impacts of social policies”. Swedish Economic
Policy Review 8 (2001), pp. 273-301.

Carneiro, Pedro and Sokbae Lee. “Estimating distributions of potential outcomes using
local instrumental variables with an application to changes in college enrollment and
wage inequality”. Journal of Econometrics 149.2 (2009), pp. 191-208.

Chen, Heng. “Within-group estimators for fixed effects quantile models with large N
and large T”. Working Paper, Bank of Canada. 2015.

Chen, Xiaohong, Oliver Linton, and Ingrid Van Keilegom. “Estimation of semipara-
metric models when the criterion function is not smooth”. Econometrica 71.5 (2003),
pp- 1591-1608.

28



[16]

[17]
[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]
[20]

[27]

Chernozhukov, Victor, Ivan Fernandez-Val, Jinyong Hahn, and Whitney Newey. “Av-
erage and quantile effects in nonseparable panel models”. Econometrica 81.2 (2013),
pp- 535-580.

Chernozhukov, Victor and Christian Hansen. “An IV model of quantile treatment
effects”. Econometrica 73.1 (2005), pp. 245-261.

Doksum, Kjell. “Empirical probability plots and statistical inference for nonlinear mod-
els in the two-sample case”. The Annals of Statistics (1974), pp. 267-277.

Donald, Stephen G and Yu-Chin Hsu. “Estimation and inference for distribution func-
tions and quantile functions in treatment effect models”. Journal of Econometrics 178
(2014), pp. 383-397.

Dube, Arindrajit. “Minimum wages and the distribution of family incomes”. Working
Paper. 2017.

Dube, Arindrajit, T William Lester, and Michael Reich. “Minimum wage effects across
state borders: estimates using contiguous counties”. The review of economics and statis-
tics 92.4 (2010), pp. 945-964.

Evdokimov, Kirill. “Identification and estimation of a nonparametric panel data model
with unobserved heterogeneity”. Working Paper, Princeton University. 2010.

Fan, Yanqin and Zhengfei Yu. “Partial identification of distributional and quantile
treatment effects in difference-in-differences models”. Economics Letters 115.3 (2012),
pp. 511-515.

Finkelstein, Amy and Robin McKnight. “What did medicare do? The initial impact
of medicare on mortality and out of pocket medical spending”. Journal of Public Eco-
nomics 92.7 (2008), pp. 1644-1668.

Firpo, Sergio. “Efficient semiparametric estimation of quantile treatment effects”. Econo-
metrica 75.1 (2007), pp. 259-276.

Frolich, Markus and Blaise Melly. “Unconditional quantile treatment effects under
endogeneity”. Journal of Business € Economic Statistics 31.3 (2013), pp. 346-357.

Galvao, Antonio F, Carlos Lamarche, and Luiz Renato Lima. “Estimation of censored
quantile regression for panel data with fixed effects”. Journal of the American Statis-
tical Association 108.503 (2013), pp. 1075-1089.

Gine, Evarist and Joel Zinn. “Bootstrapping general empirical measures”. The Annals
of Probability (1990), pp. 851-869.

Graham, Bryan and James Powell. “Identification and estimation of average partial
effects in irregular correlated random coefficient panel data models”. Econometrica
(2012), pp. 2105-2152.

Havnes, Tarjei and Magne Mogstad. “Is universal child care leveling the playing field?”
Journal of Public Economics 127 (2015), pp. 100-114.

Heckman, James, Hidehiko Ichimura, Jeffrey Smith, and Petra Todd. “Characterizing
selection bias using experimental data”. Econometrica 66.5 (1998), pp. 1017-1098.

29



Heckman, James and Richard Robb. “Alternative methods for evaluating the impact of
interventions”. Longitudinal Analysis of Labor Market Data. Ed. by Heckman, James
and Burton Singer. Cambridge: Cambridge University Press, 1985, pp. 156-246.

Heckman, James, Jeffrey Smith, and Nancy Clements. “Making the most out of pro-
gramme evaluations and social experiments: Accounting for heterogeneity in programme
impacts”. The Review of Economic Studies 64.4 (1997), pp. 487-535.

Hirano, Keisuke, Guido Imbens, and Geert Ridder. “Efficient estimation of average
treatment effects using the estimated propensity score”. Econometrica 71.4 (2003),
pp. 1161-1189.

Hoderlein, Stefan and Halbert White. “Nonparametric identification in nonsepara-
ble panel data models with generalized fixed effects”. Journal of Econometrics 168.2
(2012), pp. 300-314.

Joe, Harry. Multivariate Models and Multivariate Dependence Concepts. CRC Press,
1997.

Joe, Harry. Dependence Modeling with Copulas. CRC Press, Boca Raton, FL, 2015.

Jun, Sung Jae, Yoonseok Lee, and Youngki Shin. “Treatment effects with unobserved
heterogeneity: A set identification approach”. Journal of Business € Economic Statis-
tics 34.2 (2016), pp. 302-311.

Koenker, Roger. “Quantile regression for longitudinal data”. Journal of Multivariate
Analysis 91.1 (2004), pp. 74-89.

Koenker, Roger. Quantile Regression. Cambridge University Press, 2005.

Lamarche, Carlos. “Robust penalized quantile regression estimation for panel data”.
Journal of Econometrics 157.2 (2010), pp. 396-408.

Lee, Myoung-jae and Changhui Kang. “Identification for difference in differences with
cross-section and panel data”. Economics Letters 92.2 (2006), pp. 270-276.

Lehmann, Erich. Nonparametrics: Statistical Methods Based on Ranks. 1974.

Melly, Blaise and Giulia Santangelo. “The changes-in-changes model with covariates”.
Working Paper. 2015.

Meyer, Bruce, Kip Viscusi, and David Durbin. “Workers’ compensation and injury du-
ration: Evidence from a natural experiment”. The American Economic Review (1995),
pp. 322-340.

Nelsen, Roger. An Introduction to Copulas. 2nd ed. Springer, 2007.

Neumark, David and William Wascher. “Employment effects of minimum and submin-
imum wages: panel data on state minimum wage laws”. Industrial & Labor Relations
Review 46.1 (1992), pp. 55-81.

Pomeranz, Dina. “No taxation without information: deterrence and self-enforcement
in the value added tax”. The American Economic Review 105.8 (2015), pp. 2539-2569.

Rosen, Adam. “Set identification via quantile restrictions in short panels”. Journal of
Econometrics 166.1 (2012), pp. 127-137.

30



Sen, Amartya. On Economic Inequality. Clarendon Press, 1997.

Sklar, Abe. Fonctions de répartition a n dimensions et leurs marges. Publications de
L Institut de Statistique de L Universite de Paris, 1959.

Vaart, Aad W van der and Jon A Wellner. “Empirical processes indexed by estimated
functions”. Lecture Notes-Monograph Series (2007), pp. 234-252.

Van der Vaart, Aad. Asymptotic Statistics. Vol. 3. Cambridge University Press, 2000.
Van Der Vaart, Aad W and Jon A Wellner. Weak Convergence. Springer, 1996.

Wauthrich, Kaspar. “Semiparametric estimation of quantile treatment effects with en-
dogeneity”. Working Paper. 2015.

31



A Identification and Estimation under a Conditional
CSA

Our main results dealt with the case where the Distributional Difference in Differences
Assumption held conditional on covariates, but the Copula Stability Assumption held un-
conditionally. We showed that this combination of assumptions is likely to hold in the most
common type of model where empirical researchers use Difference in Differences to identify
the ATT. We also provided some empirical evidence in favor of the Unconditional Copula
Stability Assumption.

However, in some applications, a researcher may wish to make the Copula Stability
Assumption hold after conditioning on covariates. This assumption says that the copula be-
tween the change in untreated potential outcomes and the initial level of untreated potential
outcomes does not change over time after conditioning on some covariates X.

Conditional Copula Stability Assumption.

CAYOt,YOt71|X:Dt:1('7 |£L’) = CAYOtfl,YOt—ﬂX»Dt:l(.? ’35)

Importantly, the QTT continues to be identified under the Conditional Copula Stability
Assumption.

Proposition 5. Assume that, for all x € X, AY, for the untreated group, AY; 1, Y, 1,
and Y;_o for the treated group are continuously distributed conditional on x. Under the
[Conditional Distributional Difference in Differences Assumption), the [Conditional Copulal
[Stability Assumption], and Assumption

P(Yo, <ylX =2, Dy =1)
= B [1{Fay, .o (v xmi=1 (Ao 1]2))
<= Pyl s (B o= (Yoale) HX = 2, Dy = 1]

and

QTT(r;2) = F;’llt|X,Dt:1(T|x) — F1701|X,Dt:1(7|x)

which 1s identified, and

X

and

QTT(T) = Fy}, p,ot (T) = Fygyp,oa ()

Yie|De=1\"/ " % You| De=1

which 1s identified.
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There are several advantages to this approach. First, under the Conditional Copula
Stability Assumption, the path of untreated potential outcomes can depend on the covariates.
This could be important in applications where the return to some covariate — for example, the
return to education — changes over time. Conditional Difference in Differences assumptions
for the ATT (Heckman, Ichimura, Smith, and Todd [1998; Abadie 2005|) allow for this pattern.
Second, under the Conditional Copula Stability Assumption, it is possible to allow for time
varying covariates; however, the effect of time varying covariates must be a location-shift.
Finally, under the Conditional Copula Stability Assumption, one can obtain estimates of
conditional quantile treatment effects.

On the other hand, there are some costs associated with the Conditional Copula Stabil-
ity Assumption. Primarily, estimation becomes potentially much more challenging. Non-
parametric estimation would require estimating five conditional distribution functions and
conditional quantile functions which is likely to be quite challenging in practice. One could
replace nonparametric estimation by assuming a parametric model for each conditional quan-
tile function though parametric assumptions are unattractive in our model because it is not
clear how misspecification in any of the first step conditional distribution/quantile functions
would affect our estimates of the QTT.

In ongoing work (Callaway, Li, and Oka [2016), we consider a conditional copula assump-
tion in a related model. Those results are likely to go through with minor adaptations to the
current model. Melly and Santangelo (2015]) use parametric quantile regressions to estimate
a conditional version of the Change in Changes model (Athey and Imbens 2006); Wuthrich
(2015)) uses a similar approach to estimate quantile treatment effects with endogeneity. One
could also adapt those types of results to our setup in a straightforward way.

B Proofs

B.1 Identification

B.1.1 Identification without covariates

In this section, we prove[Theorem 1} Namely, we show that the counterfactual distribution
of untreated outcome Fy,,|p,=1(y) is identified. First, we state two well known results without
proof used below that come directly from Sklar’s Theorem.

Lemma B.1. The joint density in terms of the copula pdf

f(z,y) = c(Fx(2), Fy (y)) fx (@) fy (y)
Lemma B.2. The copula pdf in terms of the joint density
1 1
fx(Fx () fy (Fy ' ()

Proof of [Theorem 1. To minimize notation, let fi(-,-) = fave,,vo,_1|pi=1(-, -) be the joint pdf
of the change in untreated potential outcome and the initial untreated potential outcome for
the treated group, and let fi_1(-,-) = favo,_1,vor_o|Di=1(:; ) be the joint pdf in the previous

c(u,v) = f(Fy'(u), Fy" (u))
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period. Similarly, let c;(-,-) = cavy, vor_1|Di=1(*, ) and ¢;—1(,-) = CAvy,_1,Vor_o|Di=1("; -) be the
copula pdfs for the change in untreated potential outcomes and initial level of untreated
outcomes for the treated group at period ¢t and ¢t — 1, respectively. And, finally, let AY =
AYyp,=1 (the support of the change in untreated potential outcomes for the treated group)
and Y = Y;_1p,—1 (the support of outcomes for the treated group in period ¢t —1). Then,

P(Y()t < Z/|Dt = 1)
= P(AYy + Youo1 < y|Dy =1)

= E[H{Ath <y-— thfl}‘Dt = 1]
- / / 15 < y— v/} (0, y) 45 dy
Y JAY

= / / 1{6 <y-— y,}ct(FAyolet=1<5)’ FYOt—1|Dt:1 (y/))fAY0t|Dt=1 (5)fYOt—1|Dt:1 (y,) do dy/
Y JAY
(5)

= / / ]1{5 <y-— y/}ctfl(FAYOt\Dt:1(5>7FYOt,1|Dt:1(yl))fAY0t|Dt:1(6)fY0t,1|Dt:1<y/) do dy’
Y JAY
(6)

— [ 15 <y (Pl o Favaanims(O) Bt o, (o (1)
Y JAY

() (v
9 favo, pe=1(0) " Sora1De=1(') 45 dy/

favor 1pi=1(Fays, 1 1p=1 (Fave pi=1(9))) P atpi=1(Fyy, ot (Fyor11pi=1(Y))

(7)

Equation 5| rewrites the joint distribution in terms of the copula pdf using [Lemma B.1}
uses the copula stability assumption; rewrites the copula pdf as the

joint distribution (now in period ¢ — 1) using [Lemma B.2
Now, make a change of variables: u = FA_11/0t,1|Dt:1(FAYOt\Dt:1(5)> and v = F}%}72|Dt:1(FYOt—l‘thl(y/))'
This implies the following:

1. 6 = F;)I/Ot‘thl(FAYOt—ﬂDt:l(u>>

2.y = F;oiqlDt:l (FYOt—Zlthl (U))

3. dd = fA1YOt71|Dt:1(U)

= = du
favo D=1 (Fayy, pyet (F Y1 D=1 (1))

fYOt—2|Dt:1(v)

- dv
fYOt—llDt:]- (FYO:_1|D,£:1 (FYOt—2|Dt:]- (U)))

4. dy =

34



Plugging in (1)-(4) in [Equation 7| and noticing that the substitutions for dé and dy’ cancel
out the fractional terms in the third and fourth lines of implies

/y /A U FsL o Favoipvet (@) < 9= F s (Froaipis (0)}
t—2|Dy=

Yi-1|Dy=

X fi—1 (u,v) dudv
- []]'{ AY0t|Dt l(FAYOt—IIthl(Ath—l))

- |:II'{ AYOtlDt (FAYOtfllDtZI (A%t—l))

(8)

FYDi 1| D= 1<FY0t—2\Dt:1(YE)t—2))}|Dt = 1]
(9)

- Py, (1Dv=1 (FYoe_aipi=1 (Yor—2)) } Dy = 1]
(10)

where follows from the discussion above, follows by the definition
of expectation, and follows from the Distributional Difference in Differences

Assumption.

B.1.2 Identification with covariates

In this section, we prove [['heorem 2

]

Proof. All of the results from the proof of are still valid. Therefore, all that needs

to be shown is that holds. Notice,

P(A}/E)t S 5, Dt - 1)

P(AYy <4|Dy=1) =

p
_E [P(AYy <6, D = 1|X)
] p
=5 [" pavi <X, 0= )
_ B[P p(ay, < 51X, D, = 0)] (1)
—& (Mg pyuavi soppen-o]
_p | PY) pra - pyagay < 6)}|X]}
p(1—p(X)) =
. [ 1-D; p(X)
—b |t A <) (13)
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where holds by [Conditional Distributional Difference in Differences Assumption]
holds by replacing P(-) with E(1{-}) and then multiplying by (1 — D;) which
is permitted because the expectation conditions on D, = 0. Additionally, conditioning on
D, = 0 allows us to replace the potential outcome AYy; with the actual outcome AY; because
AY; is the observed change in potential untreated outcomes for the untreated group. Finally,
simply applies the Law of Iterated Expectations to conclude the proof. O

B.2 Proof of the results in Example

For the first part, notice that AYy;; = 6, — 0,1 + Av;;. This has the same distribution
for the treated group and untreated group under Condition (i).
For the second part, first note that,

(
= P(Avy <8 — (6, — 0,_1)|D, = 1)
P(Avy_y <6 — (6, — 0,_1)|D, = 1)
= P(AYpy <6 — (0, — 0,_0)|D, = 1)
= Favo_1|pi=1(6 — (0 — 0,2)| Dy = 1)

where the third equality holds by Condition (ii) and the Law of Iterated Expectations.
Similarly,

Yor1 <y|Dy=1)

Fyy, 1 ip=1(y) = P(
(Ci +vig—1 <y —0i1|Dy = 1)
(
(

Ci +vit—a <y — 1| Dy = 1)
Yoo <y — (011 — 0i2)| Dy = 1)
Yoi—2|Ds= 1( - (etfl - 97&—2))

I
SR~ I

where the third equality holds by Condition (ii). Finally, consider

CaYoy Yor_1 D=1 (1 v)
FAYOt|Dt 1(Ath) < u, FYOt 1‘Dt 1(th 1) < U|Dt - 1)

(
(
(FaYos11pe=1(AY0 — (0 — 0,2)) < u, Fyy, o ip,=1(Yor—1 — (O4—1 — 0i—2)) < v|Dy = 1)
(
(

I
T U™

Favy,_11pe=1(Avy = (=1 — 0,-2)) < u, Fyy,_yp,=1(C + vy + 0,—2) < v|Dy = 1)

’“U

Favg | pi=1(Ave—y — (01 — 0i—2)) < u, Fyy,_oip,=1(C + v4—2 + 0;—2) < v|Dy = 1)
- P(FAYOt—ﬂDt:l(A}/Ot—l) < u, FYot—2|Dt:1(}/0t—2) < U|Dt = 1)
= CAYOtfl,YOt—ﬂDt:l (ua U)
which proves the result. Condition (ii) implies that the joint distribution of (v, vii—1, C;) is

the same as the joint distribution of (vj_1,v;—2, C;) which implies the result in the fourth
equality.
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B.3 Proof of the results in Example

The nonseparable model Y;; = q(Uy, X;, Dy) + C; can be equivalently written in terms
of potential outcomes:

Yie = (Ui, X;) + C;
Yoir = qo(Uit, X;) + C;

Unconditional Mean Difference in Differences Holds
B[l D = d] = / a0, 2) + ¢ dFy, x o1palu, 7, ¢)

(u, x) + ¢ dFy, dFx cip=q(u,z, c)

/qO'LL.Z' +CdFUt1dFXC|D d(uxc)
/qo u,x) + ¢ dFy, | x.cip=a(u, z,c)
= E[Yo_1|D = d]

which implies that for the treated group and untreated group the average change in untreated
potential outcomes is 0.

Conditional Difference in Differences Holds
P(AYDt S (S’X = x,D = 1) = / Il{qo(u,x) — qO(fL,[E) S (5} dFUt,Ut_1|X,D:1(U7&)
:/imwmm—qammga}ahulm&mmm
=P(AYy <0|X =2,D =0)

where the second equality holds because (U, Uy—1) 1L (X, D).

Unconditional Distributional Difference in Differences Does Not Hold

P(AYy < 0|D = 1) = E[P(AYy, < 8 X, D = 1)[D = 1]
= E[P(AYy < 6|X, D =0)|D = 1]
where the second equality holds by the result for the Conditional Distributional Difference

in Differences Assumption holding. The last quantity is, in general, not equal to P(AYy, <
d|D = 0) because the distribution of X can be different across the two groups.
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Unconditional Copula Stability Holds

P(AYy <0, Yo—1 < y|D =1) = P(qo(Uit, Xi) — q0(Usit—1, Xs) < 0, qo(Uir—1,X;) < y|D =1)
= P(qo(Uit—1, Xi) — @o(Uit—2, Xi) < 6,q0(Usr—2, X;) < y|D =1)

P
P(AYOt—l <0,Yp2 < yID = 1)

which implies that the CSA holds.

B.4 Asymptotic Normality

In this section, we derive the asymptotic distribution of our estimator of the QTT.
First, we introduce some notation. First, to conserve on notation, let Fa; = Fay;p,—o0,
Fat-1 =Fav, yip=1, Fviy = Fy, yp=1, and Fy, , = Fy, ,jp,=1. Let

0u(F) = = S L{FS (Fara(AYar)) <y — Fy (Fy, (Viea)}

n
T €T

and
0o(F) = B [1{FLH(Far1(AYi 1)) < y = Fy! (P, (Vo) } Dy = 1]

Let Fy = (Fio, Fho, Fio, Fio) where Fjg, for j = 1,...,4, are distribution functions; we
assume that g and Fyy have common, compact support 44 C R and that F3q and Fyy have
common, compact support ¥V C R. We also suppose that each Fj, has a density function
fjo that are uniformly bounded away from 0 and oo on their supports. Let (U, V4) be two
random variables on ¢ x V with joint distribution [y, y,. We assume that Uy ~ Fyy and
that Vj ~ Fyy and that the conditional distribution Fy,y, has a continuous density function
fu|v, that is uniformly bounded from 0 and oo. As a first step, we establish the Hadamard
Differentiability of ¢o(F'). We do this in several steps. First, we use the following result due
to Callaway, Li, and Oka (2016)

Lemma B.3. Let D = C(V)? and define the map ¥ : Dy C D — I*°(V) as
U(F) = F;lo Fy

where Dy = E x E where E is the set of all distribution functions with strictly positive,
bounded densities. Then, the map V is Hadamard Differentiable at (Fso, Fyo) tangentially to
D with derivative at (Fzg, Fyo) in ¢ = (¢1,17) € D

-1
Y2 — 710 F3p 0 Fy
Ny =
(F30,F40)<¢) fa0 0 F3_01 o Fy

Lemma B.4. Let A = C(U) x [*(V). Define the map A : Ay — E where E is the set of all

distribution functions with strictly positive, bounded densities and with Ay = E x Dy where
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Dy is given in Lemma[B.3, given by

AT)(y) =T1(y —T')

Then, the map A is Hadamard differentiable at (Fyo, Fy,' o Fyo) tangentially to A with deriva-
tive in a = (ay, an) € A given by

A,(FIO,F?E)loFALO)(a)(y) =0 Fgﬁl o F40 —+ F10<y — 052)

Proof. Let Ay : Ay — Ay given by A(E) = (E1,- — Z3). Lemma 3.9.25 of Van Der Vaart
and Wellner (1996) implies that the map A; is Hadamard differentiable at = tangentially to
A with derivative in £ = (£1,&) € A given by

N =(§) = (&, —&)

Let Ay : Ay — E given by A(T) = T; 0 Ty, Lemma 3.9.27 of Van Der Vaart and Wellner
(1996)) implies that A, is Hadamard differentiable at T tangentially to A with derivative at
T in v = (v1,v7) € A given by

Ay (v) =wvi 0Ty + Ty, 00y

By the chain rule for Hadamard differentiable maps

! / !
_ a) = _ oA _ o
(Flo,Fgolon)( ) 2,(Fi0,F3 0F10) 1,(F10,F3010F4o>( )

for a € A. O]

Lemma B.5. Let B = C(U)?. Define the map ® : By C B +— [*°(U) with Dg := E x Dy
gien by

(Q) = Ol o Oy

Then, the map ® is Hadamard differentiable at (Fa, Fio(- — Fyy' o Fiy)) tangentially to B
with derivative at (Fay, Fio(- — Fio' 0 Fyo)) in w = (wy,ws) € B given by

, 1 () = Wy —wy 0 Fygt o Figo (- — Fy' o Fyg)

(Fao,Fio(=Fio oF10)) fa 0 Fyg' 0 Figo (- = Fg' 0 Fig)

Proof. The proof follows by the same argument as in Lemma [B.3 m

Lemma B.6. Let D = C(U)* x C(V)? and let Y be a compact subset of R. Let ¢ : Dy C
D+ 1*°()) be given by

S(F)(y) = P(Fy(F2(V2)) + Fy (Fu(Va)) < )

for F = (Fy, Fy, F3, Fy) € Dy where Dy, = E* where E is the set of all distribution functions
with strictly positive and bounded densities. Then, the map ¢ is Hadamard Differentiable at
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Fy tangentially to D with derivative in v = (Y1, Y2, V3, V1) € D given by

/ / / !/ /
Ok, (N(Y) = T s toFio (y—Fog oFa0) © (P(Fgo,Fm(y—F?;)loFm))(727 A(Fm,F3—01oF40)(717 W, Fi0) (13 74))

Proof. First, notice that

S(F)(y) =P(Va < Fy' o Fi(y — Fy ' o Fy(Vy)))
Define the map 7 : D, + [°°()) where D, is the set of all functions Fy ' (Fy(- — Fy '(F})))
for (Fy, Fy ', Fy ' Fy) EEXE™ xE™ xE as

7000) = [ Fa () Wle) dF w0

Then, for FeDandye Y, ¢=moPoAo V¥
Using the same arguments as in Callaway, Li, and Oka (2016, Lemma A2), 7 is Hadamard
differentiable at x € D, tangentially to D with derivative at x in ( € D given by

RO = [ o (xlolon) 4P (v (14)

By the chain rule for Hadamard differentiable functions (cf. Van Der Vaart and Wellner
(1996, Lemma 3.9.3)),

/ !/ / /
¢/F0 (7) = 7-‘-F{()loFlo(~—F§0101'7'40) © q)(on,Flo(‘—FgolonlO))(72’ A(F10,F§)10F40)(717 \IJ(FBO,FALO)("Y?” ’74))

Plugging in the results from Lemmas to and Equation implies

f300F5" 0 Fa0(va)

fao 0 Fagt 0 Figo (y — Fi' o Fyg(vs))

o () / Y1 0 Fiyg' o Fyo(vs) — Fig < — sl OF4°(U4)> — Y20 Fyg' o Fig(y — Fig' 0 Fio(vs))
F =

X fuava(Fag' © Fro(- — Fig' o Fyo(vs)) dFy, (va)

Next, let
U (F) = /(¢ (F) — do(F))
Lemma B.7.

up 0 (F)(y) — va(Fo) ()] 2 0

Proof. Because Y is a compact set, we can show that |v,(F)(y) — va(F)(y)] 2 0 for all
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y € Y. Notice that, for any y € ),

~

un(F)(y) — vn(Fo)(y)

= \/ﬁ(ﬁbn(Fm, FAt—b FYIH ) FYFQ)(?J) -
— Vn(én(Far, Far—1, Fy, |, Fy, ,)(y) —

¢0(FAta FAt—la Fthn FYt72)<y))

Then, adding and subtracting the following terms:

Gn(Fae, Far1,Fy, 1, Fy, ) (y) —
an(FAh FAt—h Fthu Fl’}—2)(y) -
(bn(FAty FAtfly FYt71 ) 13‘5/35—2)(y) -

implies
vn (F) (y) = va(Fo) ()
= Vi {6n(Far Fact, By, Fyi)(9)
<¢0(FAt,FAt 1 By, By,
+vn {%(Fm, Fare1, Py, Fy, ) () —
— (Go(Fae Far s, Fr By
v/ {6a(Far Farer, iy Py ) (w) -
(%(FAt,FAt 1 Fy, 1, By,
\/_{¢n(FAt7FAt LFy L By ) () —

(%(Fm, Far1,Fy,_,, Fy,_

Each of the above terms converges to 0. We show below that this holds for

b0(Far, Far1, Fy, 1, Fy, ,) ()
¢0(FAt7 FAt—17 FY}?U ]'31Yt72)(y>
¢0(FAt7 FAtfla FY}717 ]‘E\Yt72)(y>

- (bn(FAt; FA‘Atfh anl ) ﬁ\hfz)(y)

D) = 0(Fan Fars, Py Py )w)) | (15)
&n(Fae, Fart, Fy,_, . Fy,,) (y)
() — o (Fm,mel,m_l,ﬁm)(y))} (16)
én(Far, Far1, Fy,,, Fy, ) (1)
) = 0(Fan Fars, Py Py )w) )} (17)
n(Fae, Far1, Fyv 1 Fyi,)(y)
) —

(Y abo(FAt,FAtfl,Fn_l,Fm_Q)(w)} (18)

while omitting the proof for the other terms — the arguments are essentially identical for

each one.

Proof.

Vn {¢H(FAta Far1: By 00 Py )W) = 0n(Fae Fac1, By, 1, Fy, ,)(v)

- <¢O(ﬁAt7 FA\At*17 FA\Y}fN FYt72)(y) -

i=1

- \/ﬁ{ (% i L{EFTH(Fy(Vi)) <y —
~ (B |1{A (Ba(v)) <

— B (Fa(v2)} ]

¢0(FAt7 ]?\Atfla 13\Yt—ﬂ FYLz)(Z/)) }

n

1
i=1

—E[1{F'(B(W) <y
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]

To show the result for[Equation 15 Lemmas[B.8.A} [B.8.B]and [B.17]show that, for any y €
V. V(on(FL, Fy, Fy, Fy) — ¢n(F1, Fy, F3, Fy)) and /n(o(Fy, Fy, Fs, Fy) — ¢o(Fy, Fy, Fs, Fy))
are asymptotically equivalent which implies the result. O

Lomma B.8.A. Let y) = 1 Xcr Fauly—Fy, (Fyu(Vie o))~ Fauly— 5, (Friy (Vie2)).
Then, for ally € Y

Vn ((bn(ﬁh F27F3,F4)(y) - ¢n(F1,F27F37 F4)(y) - ﬂ(y)) = Op(l)

Proof.

Vi (9u( By, Py By, F)(y) = 60 (Fy, P B, F)(y) = ()

=1

= \/ﬁ{% > [1{F1_1(F2(‘/1i)) <y — BN (E(Va))} = W (F(Vi) <y — By (Fa(Vai))}
~ (A - F (Fva))] = Fily = F (V) | }

< sup Vi |- 30 (AT (Vi) < o= B (Fuen))} = WP (Ba(0) < 9= B (Fafe)

VEVs

~ (Bily - B ' (Fulw)] - Fily — B (Fa(w2)))|

= sup V/n %Z [ﬂ{Vu < FyH(By(y — B (i)} = H{Vi < By (Fi(y — B (Fa(w2)))}

vEVS

~ (Al = B (Fa(2))) = Fuly = B (Fa(2))) ) || + 00l

= sup v |Fi(y — By (Fi(v2) — Fa(y — Fy ' (Fa(ve)))

vEV2

~ (A - B (Fe) = Ry — i (Fi(e2)) )| + 0,(1)
= op(1)
[

Lemma B.8.B. Let u(y) = E[Fi(y — Fy {(Fy(Va)))] — E[Fi(y — F5 Y(Fy(Va)))]. Then, for all
yey,

Vn <¢0(F1, By, By, Fy)(y) — ¢o(Fy, B, By, Fiy)(y) — M(y)) = 0y(1)
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Proof.

NG <¢0(F1, Fy, Fy, Fy)(y) — do(Fy, Fo, By, Fy) (y) — u(y)>
— v {B [ (B) <y - B (B0 - B[R (BW) <y - B (FV)
~ (BIA(y ~ F ' (F(V2)] - B[

= v {E[1{vi < ﬁ2—1<ﬁ1(y — B BN — B (1 < B (R - B (B0)}
)=

< sup |Fy(By N (Fi(y — Fy ' (Fa(v2))) — Fa( By (Fily — Fy ' (Fa(v2)))))
- (A= 5 (F(w) - Py = F (Fi(w))) + 0,(1)
:iiwx—ﬂgwmm»—ﬂ@—ﬁﬂﬂwm>

— (Fily = F ' (Fufe2) = Fily = B (Fa()) + 0,(1)
= 0p(1)

Proof of Proposition First, notice that

Vi(Fyy 1 0=1(y) = Fygp=1(y)) = V(6a(F) — do(Fp))
= V(6u(F) = ¢o(F)) = Vi(60(F) — ¢o(Fp))
= Vn(¢u(Fo) — ¢o(Fo)) — ¢, v/n(F — Fy) + 0,(1)

where the last equality holds by Lemmas[B.6land [B.7] Then, the result holds by Proposition
and an application of the functional central limit theorem.

Proof of Theorem Under the conditions stated in Theorem [3, the result follows from
the Hadamard differentiability of the quantile map (Van Der Vaart and Wellner |1996, Lemma
3.9.23(ii)) and by Proposition [2|

Proof of Theorem The result holds because our estimate of the QTT is Donsker and
by Theorem 3.6.1 in Van Der Vaart and Wellner (1996)).

Asymptotic Normality of the propensity score reweighted estimator Let F|y =

(FAYOt\Dt=17 FAY0t71|Dt:17 FY0t71|Dt=17 FYOt72|Dt:1) and F' = (FAYOt|Dt=17 FAYth\Dt:l? FYOt—l‘Dt:17 FYOt—Z‘thl)'
For W = (D, X, AY), let

HAY <8X} ) ey 12D _mlY)

PV.0) = S o0) p 1= po(X)

1{AY; < 5)
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Lemma B.9. Let K = {p(W, )]0 € AV}. K is a Donsker class.
Proof. Let Iy = {M(D po(X ))|5 € AY}. K; is Donsker by Donald and Hsu

p(1—po (X))

(2014, Lemma A.2). Let Ky = {=2 20X _11AY, < §}|6 € AY}. K, is Donsker because

P 1—p0(X)

I{AY; < 60}|0 € AY} is Donsker, and 1pD % is a uniformly bounded and measurable

function so that we can apply Van Der Vaart and Wellner (1996, Example 2.10.10). Then,
the result holds by Van Der Vaart and Wellner (1996, Example 2.10.7). [

Lemma B.10. Let Fayy,p,=1(6,0) = E [1_th fp(X) 1{AY; < (5}] denote the propensity score

reweighted distribution of the change in untreated potential outcomes for the treated group
for a particular propensity score p. Then, the pathwise derivative I'(po)(p — po) exists and is
given by

L'(8,po) (h — po) = [1 — D, 1{AY; < 5}

D AR =S ) —po<X>>]

Proof.
F Avoi pi=1(0, p0 + (D — po)) — Favy, pi=1(6, po)
t
1—D, Po(X) + t(p(X) — po(X)) po(X)

=B | man <0 (12 0 ) o)) /t

C [-n, (P(X) — po(X))

= [ p AYis ‘”(1_— o F 7)) o —po<x>>]

—E [%H{AY} <4} (])((1X—)]9_()é9)(]((§2))] ast — 0

]

Lemma B.11. Under the|Conditional Distributional Difference in Differences Assumption,
the [Copula Stability Assumption], Assumptions and[5.1 to

V1l Fave, pi=1(6,0) — Favypi=1(8, p0) — T'(6,00) (0 — Po)| = 0p(1)

Proof.

V1| Fayypi=1(0,9) = Fave,p,=1(8, p0) — I'(6, o) (P — Po)l
1-Dy ( p(X)  po(X) (p(X) — po(X)
o[ ( )

1—p(X) 1—po(X) (1 —po(X))?

- vile |52 (oo tor) )
< O\/ﬁig (z) — po(x)[* = 0

where the last line holds because p is bounded away from 0 and 1, po(x) is uniformly bounded
away from 1, and p(z) converges uniformly to po(z). Then, the result holds because under
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Assumptions to sup,cx |p(r) — po(z)| = 0,(n"1/*) (Hirano, Imbens, and Ridder
2003). 0

Lemma B.12. Under the|Conditional Distributional Difference in Differences Assumption,
the [Copula Stability Assumption], Assumptions and [5.1 to

sup
SEAY

. X 1 —
Vvn ((FAY0t|Dt_1<5§p) — Faviypi=1(0;p0)) — - Z o(W;,9) — FAYOtDt_1(5;p0)> ‘ = 0,(1)
i—1

Proof. For any 6 € AY,

VI (Eavypi=1(0:5) — Favoypi=1(5: po))
=n <FAY0t|Dt:1<5§]§) - FAYOt\Dt:1(5§pO)> + VR(Fave pi=1(8: o) — Faveypi=1(8; po))
= /' (Favy,pi=1(0;9) — Favo,pi=1(0;p0)) + \/E(FAYOt|Dt:1(5;pO) — Favypi=1(9;p0)) + 0p(1)
= \/EF(CS o) (P — po) + Vn(Faveypi=1(03 o) — Faveupi=1(3 po)) + 0,(1)

E[1{AY, < 6}|X = X;, D, = 0
TV & Z BT e LRRC0)

+ \/E(FAYOt|Dt:1(5;p0) — Faviypi=1(0;p0)) + 0,(1)

1 n
- % Z SO(W'“ 5) B FAYOt|Dt:1(5;pO) + Op(l)
i=1

where the second equality holds from Vaart and Wellner (2007) under Assumptions to
and under Lemmas [B.9] to The third equality holds under Lemmas [B.10] and [B.11]
The last two equalities holds under Assumptions [5.1 - to 5.4 - and using the results on the
series logit estimator in Hirano, Imbens, and Ridder and the result follows from the
compactness of A). O

Proof of Proposition For the counterfactual distribution of untreated potential out-
comes for the treated group,

Vi(Fyyp,=1() = Fropi=1(y)) = V(o (Fo) — do(Fo)) + ¢ v/r(F — Fy) + 0,(1)

which follows from an argument similar to Lemma for the first term (where we now
also use the result in Lemma [B.18)); Lemma continues to hold and also because of the
Donsker result in Lemma [B.9.

Proof of Theorem The result follows under the conditions stated in the theorem,
by the Hadamard differentiability of the quantile map (Van Der Vaart and Wellner 1996),
Lemma 3.9.23(ii)) and by Proposition [3|

Lemma B.13. Under the|Conditional Distributional Difference in Differences Assumption,
the [Copula_Stability Assumption], Assumptions and to[5.4 For any § €
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AYotp,=1,

Vit (Favigpi (0557) = Favyn(6:))

= \/ﬁ (ﬁZYOt|Dt=1 ((5,])0) - ﬁAYot|Dt:1 (57])0) + F((Sv p) (ﬁ* - p)) + Op(1>

Proof.

vn <ﬁ2Y0t|Dt:1(5;ﬁ*> . ﬁAYOt\thl(‘s;ﬁ))
=n { <F2Y0t|Dt:1(5;ﬁ*) - FAYOtIDt:1<(5;ﬁ*)>
—/n (FAYOt|Dt=1(5;pO) - FAYOtIDFl(‘S;pO))}
+ V1 (B 105 90) = Favoi=1(05p0) + T(6.5) (5" — )
+v/n { <FAYOt|Dt:1(5;ﬁ*) - FAYmIthl(d?ﬁ*))

- \/ﬁ (FAYOtIDt:]. (57]5) - FAY01|Dt=1(5;]§)>}
+ \/ﬁ (FAY0t|Dt=1(6;Z§*) - FAYOt|Dt=1(5;ﬁ) - F((S, ﬁ)(ﬁ* B ﬁ)>

The first, third, and fourth terms in the first equality converge uniformly to 0. These hold
by Lemma , by arguments similar to those in Lemma and because sup,cy [p* () —
p(x)] = 0p,(n~1/*) which holds under our conditions on the propensity score. This implies
the result. O

Lemma B.14. Let (% (z) = /n (F;(x) - FX(:E)> and let

é@Oth:l(é) = /n (FTYoﬂDt:l(‘S) — Filethl(‘s))' Under the |Conditional Distributional

[Difference wn Differences Assumption), the [Copula Stability Assumption|, Assumptions
and 51 to .4

~p ~ ~p ~ A a P P WP WP P D
(GAYOt\Dt=1’ GAthl‘thl’ GYOt\Dt:I’ GYt|Dt=1? Gl/t—1|Dt:17 GYt—2‘Dt:1) Mk (Wla W27 VOa Vla W?,; W4)

where (WY, W5,V VY WE W) is the tight Gaussian process given in Proposition [

Proof. The result follows from Lemma and by Van Der Vaart and Wellner (1996,
Theorem 3.6.1). O

Proof of Theorem[6] The result holds by Lemma[B.14], by the Hadamard Differentiability
of our estimator of the QTT, and by the Delta method for the bootstrap (Van Der Vaart
and Wellner |1996, Theorem 3.9.11).
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B.5 Additional Auxiliary Results

Lemma B.15. Assume Y is continuously distributed. Then,

Vn (% Y {E (X)) < g} - %Z 1{X; < Ff(q)}) =0

=1 i=1

Proof. Because Y is continuously distributed,

A

1 « - A 0 if ¢ € Range(F
IS (A < g - 1K< Br)) =1 fngelfy)
ni= — otherwise
which implies the result. O

Lemma B.16. Assume Y and Z are continuously distributed. Then,
1 — L 1 <& A
vn <ﬁ Z_; L{F (B (X)) < 2} - - Z_; H{X; < Fyl(FZ(Z))}> =0

Proof. F;Y(Fy(X;)) < z & Fy(X;) < Fy(z) which holds by Van der Vaart (2000, Lemma
21.1(i)). Then, an application of |Lemma B.15(implies the result. O

Lemma B.17.
1 R ,
— Fy(Z;) — E[Fy(Z)] — | — Fy(Z;) — E|Fy(Z = 0,(1 1
\/ﬁ{nzl v(Zi) — E[Fy(Z)] (”Zl v(Zi) — E[Fy( )])} 0p(1) (19)
Proof. The result follows since Equation (19) is equal to

i /Z /y 1y < 2} d(Fy — Fy)(y) d(Fy — F7)(2)

which converges to 0. [

Lemma B.18.

\/ﬁ (% Z H{FAYOt|Dt=1(Xi) <q}— %Z I{X; < FA_ll’mlDFl(q)}) =0

i=1 i=1
Proof. This follows because

n

1

- Z <H{FAYot|Dt:1(Xi) <q}—1{X; < FA_xlfm|Dt=1(Q)}>

C
<=
n

where C' is an arbitrary constant and the result holds because the difference is equal to 0 if

q € Range(Fayy,p,—1) and is less than or equal to nip X max { ﬁ g((X))} which is less than or
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equal to % because p(-) is bounded away from 0 and 1 with probability 1 and p is greater
than 0. This implies the first part. The main result holds by exactly the same reasoning as
Lemma [B.16f O
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C Tables

Table 1: Summary Statistics

Treated Counties Untreated Counties Diff  P-val on Diff

Unem. Rate 2007 6.10 5.07 1.028 0.00
Unem. Rate 2006 6.25 5.34 0.904 0.00
Unem. Rate 2005 7.09 6.10 0.984 0.00
South 0.37 0.64 -0.274 0.00
North-Central 0.42 0.28 0.135 0.00
West, 0.21 0.07 0.14 0.00
Log Med. Inc. 10.35 10.32 0.033 0.00
Log Pop. 10.34 9.91 0.437 0.00

Notes: Summary statistics for counties by whether or not their minimum wage increased in Q1
of 2007 (treated) or not (untreated). Unemployment rates are calculated using February
unemployment and labor force estimates from the Local Area Unemployment Database. Median
income is the county’s median income from 1997 and comes from the 2000 County Data Book.
Population is the county’s population in 2000 and comes from the 2000 County Data Book.
Sources: Local Area Unemployment Statistics Database from the BLS and 2000 County Data
Book
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D Figures

Figure 1: QTT estimates of the effect of increasing the minimum wage on county-
level unemployment rates
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Notes: The top panel provides estimates of the QTT using the no-covariates version of the
method proposed in the current paper. The lower panel provides QTT estimates when the
DDID assumption holds only after conditioning on covariates. Standard errors are computed
using the bootstrap with 100 iterations.

Sources: Local Area Unemployment Statistics Database from the BLS and 2000 County
Data Book
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Figure 2: Kendall’s Tau estimates for treated counties by year
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Notes: The figure estimates Kendall’s Tau for states that increased their minimum wages in
the first quarter of 2007. Standard errors are computed using the block bootstrap with 100

iterations.
Sources: Local Area Unemployment Statistics Database from the BLS
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Figure 3: Bounds for QTT with Unknown Copula
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Notes: The figure shows bounds on QTTs when the copula between the change in untreated
potential outcomes and the initial level of untreated potential outcomes for the treated
group is treated as being completely unknown. The results are obtained using the authors’
implementation of the method in Fan and Yu (2012). The figure displays point estimates of
the bounds and does not include standard errors or any uncertainty due to sampling.
Sources: Local Area Unemployment Statistics Database from the BLS
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E Supplementary Figures

E.1 Change in Changes and Quantile Difference in Differences
Estimates for 2007
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E.2 Pre-Treatment QTT Estimates
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